Abstract. We introduce the notions of purely Baer and purely Rickart modules. We provide several characterizations and investigate properties of each of these concepts. We provide new characterizations of several well-known classes of rings in terms of purely Baer and purely Rickart modules. It is shown that R is a von Neumann regular ring iff every right R-module is purely Baer (purely Rickart). Also, we prove R is left semihereditary iff every (finitely generated) free right R-module is purely Baer. Examples illustrating the results are presented.
INTRODUCTION
The notions of Rickart and Baer rings have their roots in functional analysis, with close links to C -algebras and von Neumann algebras. Kaplansky introduced Baer rings to abstract various properties of AW -algebras and von Neumann algebras and complete -regular rings in [11] . Motivated by Kaplansky's work on Baer rings, the notion of Rickart rings appeared in Maeda [15] and was further studied by Hattori [9] and other authors. A ring R is called Baer (resp. right Rickart (or p.p.)) if the right annihilator of any nonempty subset (resp. any single element) of R is generated by an idempotent, as a right ideal of R. It is well known that Baer rings and Rickart rings play an important role in providing a rich supply of idempotents and hence in the structure theory for rings.
Recently, the notions of Baer and Rickart rings and their generalizations were extended and studied in a general module-theoretic setting [1, 13, 14, [16] [17] [18] .
A module is called extending if every its submodule is essential in a direct summand. In [6] , the notion of extending generalized to purely extending by replacing "direct summand" with "pure submodule". In [4] , basic characterizations of purely extending modules are given.
Motivated by the notions of Baer and purely extending modules, we introduce the notion of purely Baer modules. In Section 3, we investigate purely Baer modules and give some results related to them. It is shown that a direct summand of a purely Baer module is purely Baer. Our focus, in this section, is on the question: When are (free) c 2018 Miskolc University Press right R-modules over a ring R purely Baer? We obtain characterizations of wellknown classes of rings, in terms of free purely Baer modules over them. We show that the class of rings for which every (resp. free) module is purely Baer, is precisely that of (resp. left semihereditary) von Neumann regular rings. As an application of this, we prove that a commutative domain R is Prüfer if and only if every free Rmodule is purely Baer. Some characterizations of right purely Baer rings are given. It is known that the definition of Baer rings is left-right symmetric. However we show that the definition of purely Baer rings is asymmetric.
In Section 4, the notion of purely Rickart modules is introduced. A characterization of von Neumann regular rings in terms of purely Rickart modules is given. It is shown that every free right R-module is purely Rickart if and only if every right ideal of R is flat. We provide some characterizations of right purely Rickart rings. Also we show that the definition of purely Rickart rings is left-right symmetric, however the definition of Rickart rings is asymmetric.
PRELIMINARIES
Throughout this paper, R is an associative ring with identity and all modules are unitary. By M R (resp. R M ), we denote a right (resp. left) R-module and S D End.M R / denotes the endomorphism ring of M R . M I (resp. M .I / ) stands for the direct product (resp. direct sum) of copies of M indexed by a set I . Let M be a right R-module, I a subset of R and X a subset of End.M R /. We write r M .X / D fm 2 M W xm D 0 for all x 2 Xg and r R .I / (resp: l R .I /) = the right (resp. left) annihilator I in R. Let M be a module over a ring R. For submodules N and K of M , N Ä K denotes N is a submodule of K. I what follows, by Ä˚, Ä ess and E.M / we denote, respectively, a module direct summand, an essential submodule and the injective hull of M . For a ring R, Mat n .R/ denotes the ring of n n matrices over R.
In the following, we recall some known notions and facts needed in the sequel.
modules is said to be pure (exact) if ˝R T is an exact sequence (of abelian groups) for any left R -module T . In this case, we say that '.K/ is a pure submodule of N (see [12] and [19] ). It is clear that every direct summand is a pure submodule.
(2) A module M over a ring R will be called finitely presented if there exists an exact sequence 0 ! K ! F ! M ! 0 of R-modules, where F is free and both F and K are finitely generated (see [12] and [19] ).
(3) A right module M over a ring R is called divisible provided M x D M for all regular elements x 2 R (see [8] ).
(4) A right R-module M is called pure injective, if M is injective with respect to every pure exact sequence of right R-modules. A ring R is called right pure semisimple if every right R-module is pure injective (see [22] ).
(5) A module M R is called FP-injective (or absolutely pure) if, for any finitely generated submodule K of a free right R-module F , every homomorphism K ! M extends to a map F ! M (see [22] ).
(6) A module M R is called regular, provided that each of its submodule is pure (see [5] ).
(7) A right R-module M is said to be Baer (resp. Rickart), if for any left ideal I of End.M / (resp. 2 End.M /), r M .I / (resp. r M . /) is a direct summand of M (see [17] , [18] , [13] and [14] ).
(8) A module M is called purely extending if every submodule of M is essential in a pure submodule of M . Equivalently, every closed submodule is a pure submodule (see [4] ).
(9) A module is called torsionless if it can be embedded in a direct product of copies of the base ring (see [12] ).
We refer to [12] and [22] for the undefined notions in this article. (1) M is flat; (2) Given any x 2 K, there exists a homomorphism g W P ! K such that g.x/ D x; (3) Given any x 1 ; :::; x n in K, there exists a homomorphism g W P ! K such that g.x i / D x i for i D 1; 2; :::; n. (1) R is left semi-hereditary; (2) Every right ideal of R is flat, and the direct product of an arbitrary family of copies of R is flat as a right R-module;
(2) Every torsion-less right R-module is flat.
PURELY BAER MODULES
In this section, we investigate connections between purely Baer modules and various existing concepts and obtain some of their useful properties. Examples of purely Baer modules include semisimple modules, regular modules, Baer modules, nonsingular purely extending modules and modules over von Neumann regular rings. A ring R is called (resp. left) right purely Baer, if (resp. l R .I /) r R .I / is a pure (resp. left) right ideal of R for each (resp. right) left ideal I of R.
First, we characterize right purely Baer rings in terms of cyclic torsionless modules. Theorem 1. Let R be a ring. Then R is right purely Baer if and only if every cyclic torsionless right R-module is flat.
Proof. It is known that a cyclic right R-module R=I is torsionless if and only if I D r R .X / for some subset X of R. Assume that R is right purely Baer. Let M be a cyclic torsionless right R-module. As M Š R=I for some right ideal I of R, I D r R .X / for some X Â R. Since R is right purely Baer, I D r R .J / is pure in R R , where J is a left ideal generated by X. Thus R=I is flat by Proposition 1 and so M is flat.
Conversely, assume that every cyclic torsionless right R-module is flat. Let I be a left ideal of R. Then R=r R .I / is torsionless and so is flat. Hence r R .I / is pure by Proposition 1. Thus R is right purely Baer.
In the following, it is shown that direct summands of a purely Baer module are purely Baer. Proof. Let M be a purely Baer module and
Therefore by transitivity of the pure submodules property, r N .J / is pure in M . Hence r N .J / is pure in N . Therefore N is purely Baer.
In the following, it is shown that the notions of purely Baer modules and Baer modules coincide for finitely generated flat modules over a right noetherian ring and torsion free injective modules over a semiprime right Goldie ring.
Theorem 2.
(1) Let R be a right noetherian ring and M a finitely generated flat right R-module. Then M is purely Baer if and only if it is Baer.
(2) Let M be a torsion free injective right R-module over a semiprime right Goldie ring R. Then M is purely Baer if and only if it is Baer. 
because M is divisible. Hence r M .I / is divisible. Therefore [7, Theorem 7.11] implies that r M .I / is injective. Hence r M .I / Ä˚M . So M is Baer. The converse is clear.
(3) If R is right pure semisimple, then every pure exact sequence splits. Hence M is purely Baer if and only if it is Baer. Theorem 3. Let M be a nonsingular right R-module. If M is purely extending, then M is a purely Baer module.
Proof. Let M be a purely extending module and I a left ideal of End R .M /. Then r M .I / Ä ess T for some pure submodule T of M . Let t 2 T . Then J D fr 2 R W t r 2 r M .I /g is an essential right ideal of R R . Thus tJ Â r M .I / and so for each
T is a pure submodule of M and it implies that M is a purely Baer module.
The next example shows that the converse of Theorem 3 is not true.
the F -subalgebra of the ring of 3 3 matrices over a field F . This ring is left and right artinian hereditary (so it is left and right semihereditary). Hence R is left and right nonsingular. Hence by Theorem 5, R is right purely Baer. We show R is not purely extending. Let I be a closed right ideal of R. Then I is finitely generated (because R is noetherian) and so R=I is finitely presented. If I is pure, then R=I is flat by Proposition 1. As R=I is finitely presented, R=I is projective by [12, Theorem 4.30] . Hence I Ä˚R R . This implies that if R R is purely extending, then R R is extending. However R is not right extending (see [4] and [3, Example 5.5 ]).
Next, we characterize the class of rings R for which every right R-module is purely Baer as precisely that of the von Neumann regular rings. (1) Every right R-module is purely Baer; (2) Every purely extending right R-module is purely Baer; (3) Every extending right R-module is purely Baer; (4) Every injective right R-module is purely Baer; (5) Every right R-module is FP-injective; (6) R is von Neumann regular.
Proof. .1/ ) .2/, .2/ ) .3/ and .3/ ) .4/ are clear. .4/ ) .5/ Let M be an arbitrary right R-module. Then by (4) 
We can extend to an endomorphism of E.M /˚E.E.M /=M / and Ker. / D M . Hence M is pure in E.M /˚E.E.M /=M /. This implies that M is pure in E.M /. Hence M is FP-injective by [22, 35.8] .
.5/ ) .6/ By [22, 37.6] , R is a von Neumann regular ring. The following examples exhibit purely Baer modules which are not Baer.
where F i D F is a field for each i 2 N and <˚1 i D1 F i ; 1 > is the F -algebra generated by˚1 i D1 F i and 1. [7] ).
Proposition 5. Let P be a finitely generated projective right R-module. Then P is a purely Baer module if and only if S D End.P / is a right purely Baer ring.
Proof. Let P D x 1 R C ::: C x n R (x i 2 P ) be a purely Baer projective module and I be a left ideal of S . We show r S .I / is a pure right ideal of S . Let f 2 r S .I /. Then f .x i / 2 r P .I / for each 1 Ä i Ä n. As P is purely Baer, r P .I / is a pure submodule. Hence P =r P .I / is flat by Proposition 1 and so by Proposition 2, there exists a homomorphism W P ! r P .I / such that .f .
as an endomorphism of P . Since .P / Â r P .I /, 2 r S .I /. Now let W S ! r S .I / be defined by .h/ D h for each h 2 S . Then .f / D f D f . Therefore by Proposition 2, S=r S .I / is a flat right S -module. Hence by Proposition 1, r S .I / is a pure right ideal of S . Thus S is right purely Baer.
Conversely, assume that P is a finitely generated projective right R-module and S D End.P R / a right purely Baer ring. We show P is purely Baer. Since P is finitely generated and projective, P Ä˚R n for some positive integer n. As End.R n / Š Mat n .R/, there exists E 2 D E 2 Mat n .R/ such that P D ER n . Hence S D EMat n .R/E. 
Therefore by Proposition 2, P =r P .I / is a flat right R-module and so by Proposition 1, r P .I / is pure in P . Hence P is purely Baer.
Next, we characterize rings R for which every (finitely generated) free right Rmodule is purely Baer. We show that these are precisely the left semihereditary rings.
Theorem 5. The following are equivalent for a ring R: (1) Every free right R-module is purely Baer; (2) Every projective right R-module is purely Baer; (3) Every finitely generated free right R-module is purely Baer; (4) Every finitely generated projective right R-module is purely Baer; (5) Every finitely generated torsionless right R-module is flat; (6) Every torsionless right R-module is flat; (7) R is a left semihereditary ring.
Proof. .1/ ) .2/ and .3/ ) .4/ are clear from Proposition 4. .2/ ) .3/ is clear. .4/ ) .5/ Let M be a finitely generated torsionless right R-module. Hence M Â R I for some index set I . As M is finitely generated, there exists an epimorphism W F ! M , where F is a finitely generated free right R-module. By (4), F is purely Baer. It can be shown that Ker. / D \ i 2I Ker. i /, where i is the canonical projection from R I onto its i th coordinates. We can take i as an endomorphism of F . Hence Ker. / D r M .J /, where J is a left ideal of S D End.F / generated by the set f i g i 2I . Since F is purely Baer, Ker. / is a pure submodule of F . Therefore M Š F=Ker. / is flat by Proposition 1.
.5/ ) .6/ As every submodule of a torsionless right R is torsionless, every finitely generated submodule of a torsionless right R-module is flat. Hence every torsionless right R-module is flat (it is known that, a module is flat provided that every of its finitely generated submodule is flat).
.6/ ) .7/ is from Proposition 3. .7/ ) .1/ Let F be a free right R-module and I a left ideal of S D End.F /. Remark 1. By Theorem 5, every finitely generated free right R-module is purely Baer if and only if every free right R-module is purely Baer. But it is not true for the class of Baer modules. Let R be a commutative Prüfer domain which is not a Dedekind domain (hereditary). Then every finitely generated free right R-module is Baer by [18, Theorem 3.9] . However there is a free right R-module that is not Baer, by [18, Theorem 3.3] .
The following example gives an example of a module M such that every submodule of M is purely Baer. The next example shows that the definition of purely Baer rings is not left-right symmetric. As we know, the definition of Baer rings is left-right symmetric.
where S is a von Neumann ring and I a right ideal of S which is not a direct summand of S S . Then by [12, Example 2.34], T is left semihereditary but not right semihereditary. By Corollary 1, there exists positive integer n such that Mat n .T / is a right purely Baer ring which is not left purely Baer ring.
As a consequence of Theorem 5, we provide a characterization of Prüfer domains in terms of the purely Baer property for (finitely generated) free (projective) modules.
Theorem 6. For any commutative domain R, the following are equivalent: (1) Every free R-module is purely extending; (2) Every free R-module is purely Baer; (3) Every finitely generated free R-module is purely Baer; (4) R is a Prüfer domain.
Proof. .1/ ) .2/ Since R is nonsingular, every free R-module is nonsingular. Therefore every free R-module is purely Baer by Theorem 3. 
PURELY RICKART MODULES
Motivated by the definitions of Rickart modules, we introduce the notions of purely Rickart modules and relatively purely Rickart modules and collect some basic properties of these classes of modules. Examples of purely Rickart modules include semisimple modules, Rickart modules, purely Baer modules and modules over regular rings. We begin with the key definition of this section. A ring R is called (resp. left) right purely Rickart, if (resp. l R .a/) r R .a/ is a pure (resp. left) right ideal of R for each a 2 R.
It is known that the definition of Rickart rings is asymmetric. However the following shows that the definition of purely Rickart rings is symmetric. Also purely Rickart rings are known as P.F rings [10] .
Theorem 7. The following are equivalent for a ring R: (1) R is right purely Rickart; (2) Every principle right ideal of R is flat; (3) Every principle left ideal of R is flat; (4) R is left purely Rickart.
Proof. .1/ , .2/ and .3/ ) .4/ Let a 2 R. Then (resp. Ra) aR is flat as a (resp. left) right R-module if and only if (resp. l R .a/) r R .a/ is a pure (resp. left) right ideal of R by Proposition 1.
.2/ , .3/ By [10] .
One can easily show that under the following conditions, the notions of Rickart module and purely Rickart module coincide, as in the proof of Theorem 2. The following propositions are useful to prove our main theorems.
Proposition 7.
(1) Let M and N be right R-modules. Then M is any N -purely Rickart if and only if for any direct summand K Ä˚M and any submodule L Ä N , K is L-purely Rickart.
(2) The following are equivalent for a right R-module M : (i) M is purely Rickart;
(ii) For any submodule N Ä M and any direct summand K Ä˚M , K is N -purely Rickart;
(iii) For any K; N Ä˚M , and 2 Hom R .M; N /, Ker. j K / is pure in K.
(3) Every direct summand of a purely Rickart module is a purely Rickart module.
Proof.
(1) Suppose that M is any N -purely Rickart. Let K D eM for some idempotent element e of End.M R / and W K ! L be a homomorphism. Then e is a homomorphism from M to N . Hence Ker. e/ is pure in M . As Ker. e/ D Ker. /˚.1 e/M , Ker. / is pure in Ker. e/. This implies that Ker. / is pure in M and so is in N . Thus K is L-purely Rickart. The converse is clear.
(2) and (3) are clear from (1) .
We now characterize the von Neumann regular rings in terms of purely Rickart modules.
Theorem 8. The following are equivalent for a ring R: (1) Every right R-module is purely Baer; (2) Every right R-module is purely Rickart; (3) Every pure injective right R-module is injective; (4) R is von Neumann regular.
Proof. .1/ ) .2/ is clear. .2/ ) .3/ Let M be a pure injective right R-module. By (2), E.M /˚E.E.M /=M / is purely Rickart. It implies that E.M / is E.E.M /=M /-purely Rickart by Proposition 7. Therefore Ker. / D M is pure in E.M /, where W E.M / ! E.E.M /=M / is natural homomorphism. Since M is pure injective, the pure exact sequence 0
.3/ ) .4/ By [22, 37.6] .4/ ) .1/ By Theorem 4.
It is clear that every Rickart module is purely Rickart. The following examples exhibit purely Rickart modules which are not Rickart. 
2 Sj a n is eventually constantg; a subring of S . Then R is a von Neumann regular ring. Hence by Theorem 8, R˚E.R/ is a purely Rickart module which is not a Rickart module by [14, Example 2.18 ].
In the next theorem, we characterize the rings R for which every free R-module is purely Rickart.
Theorem 9. The following are equivalent for a ring R: (1) Every free right R-module is purely Rickart; (2) Every projective right R-module is purely Rickart; (3) Every finitely generated free right R-module is purely Rickart; (4) Every finitely generated projective right R-module is purely Rickart; (5) For each n > 1, Mat n .R/ is a right purely Rickart ring; (6) Every right ideal of R is flat; (7) Every submodule of a flat right R-module is flat. Since condition (6) is left-right symmetric, the left-handed versions of (1), (2), (3), (4), (5) and (7) also hold.
Proof. .1/ ) .2/ and .3/ ) .4/ are clear by Proposition 7. .2/ ) .3/ is clear. .5/ ) .6/ Assume that Mat n .R/ is a right purely Rickart ring for any n > 1. Let I D a 1 R C ::: C a n R be a finitely generated right ideal of R and A 2 Mat n .R/ with first row .a 1 ; a 2 ; :::; a n /, and zero elsewhere. Then r Mat n .R/ .Mat n .R/A/ is a pure right ideal of Mat n .R/. Hence AMat n .R/ is a flat right Mat n .R/-module by Proposition 1. Since R and Mat n .R/ are Morita equivalent and flatness is preserved across Morita equivalences, .AMat n .R// R Š I n R implies that I is a flat right Rmodule. Hence every finitely generated right ideal of R is flat. So every right ideal of R is flat.
.6/ ) .5/ Let A 2 Mat n .R/. As Mat n .R/ is a flat right R-module, AMat n .R/ is a flat right R-module. Hence AMat n .R/ is a flat right Mat n .R/-module by a similar argument as in above. Hence Mat n .R/ is right purely Rickart by Theorem 7.
.4/ ) .6/ Let I be a finitely generated right ideal of R. Then I is homomorphic image of a finitely generated free right R-module F . Hence there exists an epimorphism ' W F ! I . We can take ' as an endomorphism F . Hence r F .'/ is a pure submodule of F . Thus by Proposition 1, F=r F .'/ Š I is a flat R-module. Hence every finitely generated right ideal of R is flat. So every right ideal of R is flat.
.6/ ) .7/ By [12, Lemma 4.66], every submodule of a flat right R-module is flat. .7/ ) .1/ Let F be a free right R-module and 2 End.F /. Then M=Ker. / Š Im. / Ä F implies that M=Ker. / is flat by (7) . Hence Ker. / is a pure submodule of F . Hence F is a purely Rickart module.
Remark 2. By Theorem 9, every finitely generated free right R-module is purely Rickart if and only if every free right R-module is purely Rickart. However, the similar result for the class of Rickart modules does not hold true. Let R be right semihereditary ring which is not hereditary. Then by [14, Theorem 3.6] , every finitely generated free right R-module is Rickart. However there is a free right R-module that is not Rickart, by [14, Theorem 3.5 ].
The next example shows that the class of purely Rickart modules properly contains the class of purely Baer modules.
where S is a von Neumann ring and I a right ideal of S which is not a direct summand of S S . Then by [12, Example 2.34], R is right semihereditary but not left semihereditary. Since R is right semihereditary, every right ideal of R is flat. Hence by Theorem 9, every free right R-module is purely Rickart. As R is not left semihereditary, there is a free right R-module which is not purely Baer by Theorem 5.
Hence there exists a free R-module F which is purely Rickart but not purely Baer.
The following example proves the existence of a module M such that M n is a purely Rickart (purely Baer) module, but M nC1 is not purely Rickart (purely Baer). The following example is due to Jøndrup (see [10] , [14, Example 3.15] and [18, Example 3.17] ).
Example 9. Let n be any natural number, K be any commutative field, and let R be the K-algebra on the 2.n C 1/ generators X i ; Y i (i D 1; :::; n C 1) with the defining relation
As R n is a Baer module by [18, Example 3.17 ], R n is purely Rickart (purely Baer). But R nC1 is not purely Rickart (purely Baer). Otherwise, if R nC1 is purely Rickart (purely Baer), then one can show that every .n C 1/ generated ideal of R is flat, as in the proof of Theorem 9 ( (4)) (6)). However, it is proved that there exists an .n C 1/ generated ideal which is not flat (see [10] ). Hence R nC1 is not purely Rickart (purely Baer).
